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DOUBLE LINES ON QUADRIC HYPERSURFACES 


EDOARDO BALLICO AND SUKMOON HUH 


Abstract. We study double line structures in projective spaces and quadric 
hypersurfaces, and investigate the geometry of irreducible components of Hilbert 
scheme of curves and moduli of stable sheaves of pure dimension 1 on a smooth 
quadric threefold. 
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1. Introduction 

Let A be a smooth projective variety over C, the field of complex numbers. 
For a fixed polynomial x(^)j C. Simpson introduced in [T7] the coarse projective 
moduli spaces of semistable sheaves with the Hilbert polynomial x(0- If 

the degree x(f) is d, then the support of each sheaf in is d-dimensional 

subvariety of X. The study on these moduli spaces give inspiration on the study 
of Hilbert schemes Hilb,^,(t) (A) of curves on A with the Hilbert polynomial x(f)i 
because certain components of M,^p)(A) can be viewed as compactifications of an 
open part of the corresponding Hilb,^p)(A). There have been several investigations 
on the relation of these spaces in the case of projective spaces A = P", e.g. [SlISlfTl]. 

In this paper we first investigate rational ribbons, i.e. double structures on 
P^. Rational ribbons and their canonical embeddings were studied in [5] and we 
show several facts on the Hilbert scheme of double lines in projective spaces and 
n-dimensional quadric hypersurfaces Qn- Note that the study on the families of 
double lines in projective spaces is done in |15j . Then we describe birational prop¬ 
erties of M,^(t)(( 53 ) and Hilb,^(t)(( 53 ) when the leading coefficient of a linear poly¬ 
nomial x(f) is two. A double line in Qn is a locally Cohen-Macaulay curve with the 
Hilbert polynomial x(t) = 2t + a for some constant a and a line as its reduction. 
The information on the set of double lines turns out to be very valuable in describ¬ 
ing Simpson’s moduli spaces and Hilbert schemes. Letting Va be the subscheme 
consisting of double lines in with the Euler characteristic a, we observe that 
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consists of reducible and non-reduced conics on Q^. Indeed Hilb 2 t+i(Q 3 ) consists 
of the conics on Qa C and we observe the following: 

Theorem 1.1. We have Hilb 2 t+i(Q 3 ) = M 24 +i(Q 3 ) = Gr(3, 5), the Grassman- 
nian variety parametrizing projective planes in P'^. 

We also follow the notion of a-stable pairs as in [12] to consider its moduli spaces 
M“(j)(( 33), and observe that they are all isomorphic to Gr(3,5) if x(t) = 2t + 1 . 
In other words, there is no wall-crossing. Then we turn our interest to the case of 
xit) = 2t -|- 2, when there is again no wall-crossing. Our main result is as follows: 

Theorem 1.2. For the Hilbert polynomial x{t) = 2t 2, we have the following 
description on the three moduli spaces: 

(1) Hilbj^(t) (Qs) consists of two rational irreducible components, Hi and H 2 , 
of dimension 9 and 6 respectively, and it is smooth outside Hi O H 2 ■ 

(2) (Qa) consists of two irreducible components, dJli and 3 II 2 , of dimen¬ 
sion 6 both, and UJli is rational and smooth outside DJli n91l2- 

(3) (Qa) consists of two rational irreducible components, 91i and ^ 2 , of 
dimension 7 and 6 respectively, and it is smooth outside 91i O 9 I 2 ■ 

Note that we have no geometric description on 3112 because it consists only of 
strictly semistable sheaves. Moreover we give full description of elements in each 
irreducible components and intersections: 

• Hi consists of non-locally Gohen-Macaulay curves and H 2 is the closure 
of locally Gohen-Macaulay curves. Their intersection consists of singular 
conics D with an extra point p S Using such that the hyperplane section 
containing the curve is singular at p. 

• Olti.red is parametrized by the space of conics in Qa and (3Jli fl 91t2)red is 
parametrized by the space of singular conics in Q 3 . 3 JI 2 has a one-to-one 
correspondence to Sym^(P^), the set of pairs of two lines in Q 3 . 

• 3Ii is birational to the incidence variety of the space of conics in Qa and 
3 I 2 is birational to Sym^(P^). 

Set-theoretic description of the component induced from locally Gohen-Macaulay 
curves is relatively easy and the main ingredients in the study of the other com¬ 
ponent are the family of double lines Hi and H 2 - We classify non-locally Gohen- 
Macaulay curves with respect to the hyperplane section containing them and study 
their corresponding pure sheaves with the deformation data. 

Let us summarize here the structure of this paper. In section 2, we introduce 
the definitions and main properties that will be used throughout the paper, mainly 
those related to stability and a-stability conditions. In section 3, we pay attention 
to the Hilbert schemes of double lines in projective spaces and quadric hypersurfaces 
to conclude their irreducibility in some cases. In section 4, as a warm-up case, we 
describe the moduli spaces with the Hilbert polynomial x(t) = 2t -|- 1. Finally 
in section 5, we deal with the case of x(t) = 2f -|- 2 and describe the irreducible 
components of each moduli spaces and their intersections. 

2. Definitions and preliminaries 

Let Qn be a smooth quadric hypersurface of the complex projective space P"+^. 
Then we have 

Pic(QTi) = = Z(/i) for n > 3 
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where h is the class of a hyperplane section. If n = 3, the cohomology ring 
H*(Q 3 ,Z) is generated by h, a line I G and a point p G H^{Qz,'L) 

with the relations: h'^ = 2l,h ■ I = p, = 2p. If there is no confusion, we will 
denote Q 3 simply by Q. 


Definition 2.1. Let be a pure sheaf of dimension 1 on Q with the Hilbert 
polynomial + X with respect to Oq( 1). The p-slope of T is defined to 

be p{J^) = x!^ is called semistable (stable) if 

(1) J- does not have any 0-dimensional torsion, and 

(2) for any proper subsheaf T', we have 

p{T') = ^,<{<)\=p{T) 
where xr'{t) = p' + x'- 

For every semistable 1-dimensional sheaf J- with + X; us define 

Cjr := Supp(J^) to be its scheme-theoretic support and then it corresponds to 
pi G H^{X). We often use slope stability (resp. slope semistability) instead of 
Gieseker stability (resp. semistability) with respect to L := Oq{1), just to simplify 
the notation; they should be the same, because the support is 1-dimensional and 
so the inequalities for Gieseker and slopes x/P ure the same. 

Definition 2.2. Let M(/i, x) be the moduli space of semistable sheaves on Q with 
linear Hilbert polynomial y(t) = pt + x- 

Note that Xj^{a){t) = Xt + P ■ a, and so we may assume 0 < y < /r. Our main 
interest in this article is on the case p = 2] M(2,1) in Section 4 and M(2, 2) in 
Section 5. 

For a smooth projective variety X C P’’, let Hilbjf(/i,y) be the Hilbert scheme 
of curves in X with the Hilbert polynomial pt + y. 


Definition 2.3. A locally Cohen-Macaulay (for short, locally CM) curves in X 
is a 1-dimensional subscheme C C X whose irreducible components are all 1- 
dimensional and that has no embedded points. We denote by Hilbx(Ai; x)-i- fhe 
subset of Hilbx(/i,y) parametrizing the locally GM curves with no isolated point. 

If there is no confusion, we will simply denote HilbQ(^,y) by Hilb(/r, y). 

Remark 2.4. For X G M(l, 1), we have J- = Or with a line L C Q. Note that 
we have = Ol(2) 0 Ol(1) © Ol and so A^l|q = C’l(I) © Ol- It implies 

h^{NL\Q) = 3 and h^{Nc\Q) = 0. Thus Hilb(l, 1) is smooth and of dimension 3. 
It is well known that the family of lines in Q is isomorphic to P^. Hence we have 
M(l,l) ^P3. 


For a positive rational number a G Q>o, a pair (s,P^) of a purely l-dimensional 
sheaf F with yj^(t) = pt x and a non-zero section s : Oq —s- T is called a- 
semistable if T is pure and for any non-zero proper subsheaf F' C F with yjr'(t) = 
+ x^ we have 


X 


( 5 - 


< 


X- 


— ■ Pa (S; P^)i 


p' p 

where we take (5 = I if the section s factors through F' and (5 = 0 if not. As usual, 
if the inequality is strict, we call it a-stable. By [121 Theorem 4.2] the wall happens 
at a with which the strictly a-semistability occurs. As a routine, we will write 
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(1, J^) for the pair of a sheaf with T with a non-zero section and (0, T) for the pair 
of sheaf with zero section . 

Let us denote by M“(/i,y) the moduli space of a-semistable pairs. Note that 
there are only finitely many critical values {ai,... ,as} for a-stability with ai < 

• • • < as in a sense that any a G (a^, a^+i) gives the same moduli spaces of a-stable 
pairs. Notice that if a < ai, then a-stability is equivalent to the Gieseker stability 
and so there exists a forgetful map 

M°+if,,x) :=M“(ai,x) ^M(/x,x). 

If a > tts, then the cokernel of the pair Oq —?> T is supported at a 0-dimensional 
subscheme and so we get the moduli of PT stable pairs, which maps naturally to 
Chow(/x, x) ■■= Life Hilb(/i, y - fc)+ x Sym'^Q: 

x) := M“(m, x) Chow(Ai, x). 

3. Double lines in projective spaces and hyperquadrics 

Definition 3.1. For each a G Z, define 

Va ■= {A G Hilb(2, a)+ | Ared is a line }. 

For the moment we take Va as a set. In each case it would be clear which scheme- 
structure is used on it. Since Q is a smooth threefold, [31 Remark 1.3] says that 
each C G Do is obtained by the Ferrand construction and in particular it is a ribbon 
in the sense of |5] with a line as its support. For each line L C Q, we let 

Va{L) := {A&Va\ A,ed=L}. 

For each positive integer a G N, let us denote by T[a] the unique ribbon T on 
with x{^T[a\) = o. whose reduced scheme is a line as in |5l Theorem 1.2]. Then we 
have an exact sequence 

(1) 0 ^ Opi (a - 2) ^ OT[a\ On 0. 

Note that T = T[a] is a split ribbon, i.e. the sequence ([T]) splits as a sequence of 
Opi-sheaves and each line bundle £ on T is uniquely determined by the integer 
deg(£|j'^^_j) by [5J Proposition 4.1]. We denote this line bundle by Orit), where t = 
deg(£| 7 ;^_j). Using the sequence (|T|), we get h^{OT{t)) = 0 and hP^Orif)) = 2t + a 
for t > 0. To collect several aspects on double lines, we will first consider double 
line structures as morphisms in a more general setting. 

Definition 3.2. For a > 1 and n > 3, we define 

(2) 'Da^n '■= {locally CM curves C in Qn with xod^) = -I- a}. 

Similarly we define 

(3) Ca,r ■= (locally CM curves C in P'' with X0c(0 = -I- a}. 

Remark 3.3. Let Da,n be the family of all possible embeddings T[a] —Qn such 
that OT[a]d) is its hyperplane line bundle. Then the elements in Da.n can be 
obtained as images of the embedding in Sa.n- Thus we get dimDa_„ = dimS)a,n — 
dim Aut(T[a]). Similarly we may define <La,n for Ca,r as a family of embeddings. 

Lemma 3.4. Let T = T[a\ with a > 0. For t > 0, we have the following: 

(1) the line bundle Oxit) is very ample for t > 0 and 
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(2) a general A-dimensional linear subspace V C H^[OT(t)) induces an embed¬ 
ding of T into . 

Proof. Set D := T^ed- Each line bundle Oxit) with t > 0, is spanned by the 
sequence O- The line bundle Ot( 1) is ample, because Ot( 1) generates Pic(r) and 
hP{OT{—c)) = 0 for c ;§> 0. Thus Oxit) is ample for each t > 0. The morphism 
/ : T —P™ with m := h'^{Ox{t)) — 1, induces an embedding of D and so it is 
sufficient to prove that / is a local embedding. 

Fix a point p G D and a non-zero tangent vector v of T at p. If v is tangent to 
D, then /|„ is an embedding because f\x> is an embedding. If v is not tangent to 
D, then we may use (a — 2 -b t)) = 0 to see that Since 

this is true for all p and w, so the injective morphism / is a local embedding by [HJ 
Proposition II.7.3]. Hence / is an embedding. Since dim(T) = I and each Zariski 
tangent space of T has dimension 2, a general linear projection of f{T) into P^ is 
an embedding. □ 

Remark 3.5. By Lemma 13.41 we get that Ca,r ^ 0 for each a > 0 and r > 
3. The elements of Ca^ £^re obtained in the following way: fix an integer s such 
that 4 < s < min{r -b l,a -b 3} and let V C JI^(Ox[a](f)) be an s-dimensional 
linear subspace spanning Oxia]if) and inducing an embedding of T[a]. Note that 
the set of all such subspaces is a non-empty open subset of the Grassmannian 
Gr(s,iL°((!lT[a] (!)))■ Thus Ca,r is irreducible and its general element is obtained by 
taking s = min{r -b 1, a -b 3}. If a > 3, we get Hilbg^ (2, a)+ and Hilbpn+i (2, a)+ 
contain no reduced curve, because every reduced curve C C P'^ of degree 2 has 

xiOc) < 2. 

By Remark 13.51 Ra,™ with n > 7 contains the embeddings of T[a\ into the 
maximal linear subspaces of Qn- Later in Proposition 13.141 we get a description of 
77a,i with a = 1 by considering Q 4 as the Grassmannian Gr(2,4). 

For fixed a € Z, we get the following lemma for T = r[a] using the sequence ITJ. 

Lemma 3.6. The line bundle Ox{t) is spanned if and only ift>0. We also have 

r 0, ift^ —a -b 1; 

h^{Ox{t)) = < t -b a — 1, j/ —a -b 2 < t < 0; 

[ t -b a, 'ift> 0 , 

and h^{Ox{t)) = 0 for all t > —a -b 1. 

Lemma 3.7. For C € Ca,r with r >2, we have the following: 

(i) C is contained in each quadric hypersurface whose singular locus contains 
L := Cred o,nd in particular, h'^ilc{2)) > ( 2 ). 

(ii) The linear system |Ic'(2)| has no base points outside L. 

Proof. Let i? C P*" be a quadric hypersurface. We have B £ |(Ii)^(2)| if and only 
if the singular locus of B contains L and the set of all such quadrics is a projective 
space of dimension ( 2 ) “ 1- Thus the lemma follows from the inclusion (Xl)^ C Ic- 
Fix a point p £ \ L and let if C P*" be any hyperplane containing L such that 

p ^ H. Since 2H £ |Ic(2)|, so p is not a base point of |Jc'(2)|. □ 

For each integers r > 3 and a > 1, let us define 

C+, := {C € Ca,, I h°(Xc(l)) = 0 or h\lcil)) = 0}, 
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i.e. the linear span of C in P’' has dimension minjr, (1)) — 1}. Then 

is a dense open subset of Ca,r- 

Lemma 3.8. For each integer a > 3, we have Ca,a+i ^ 0 cind all elements 
are projectively equivalent. 

Proof. Recall that h^{OT[a] (1)) = o+l and that OT[a] (1) is very ample. Thus we get 
Ca,a+i ^ 0 and all elements of are projectively equivalent; they correspond 

to a choice of a basis of F[^{OT[a\{^))- D 

For any C S Ca,r, we have /i°(Oc(2)) = a+4. In particular we have h'^{Ic{2)) > 0 
for i = 0,1, if a + 4 > — (Q = r + 1 by Lemma [3.71 

Proposition 3.9. For C S C^ 4 , we have 

(1) h^{Ic{t)) = 0 for all i> 3 and t > —4. 

( 2 ) hf{Ic{t)) = 0 for all t > — 1 , 

(3) /.'(icw)={"; i;;"; 

(4) h°(Icit)) = - 2t - 3 for all t > I and C is contained in a smooth 

quadric hypersurface. 

Proof. Since dim(C) = 1, so we have hf{Ic{t)) = h}{Oc{t)) = 0 for all t > —1. 
Similarly if i > 3 and t > —4, then we have h''(Ic{t)) = h^{Opi(t)) = 0. Since 
h^{Ic) = 0, we have h^{Ic) = h°{Oc) — 1 = 2. Since C G C^ 4 , so it is linearly 
normal, i.e. h^{Ic{l)) = 0 for * = 0,1. 

Since /i°(Oc(2)) = 7 and h^{Opi{2)) = ( 2 ) = 15, we have h^{Xc{2)) =8 + 
/i^(Ic(2)). Set L := Cred- By Lemma iTTl and the Bertini theorem, a general 
element of |Ic'(2)| has singular locus contained in L. 

Fix a point p G P^. The choice of the point p, i.e. a degree 1 effective divisor of 
P^, induces a surjective morphism / : r[3] —> T[2] inducing an exact sequence 

(4) 0 —;• Ot[2] —^ Ot[ 3] —^ Cp —0 

by [a Theorem 1.1]. From dU we get that the map w : 7J°(C)7’[3] (1))^ —^(1))'^ 
is surjective with a 1-dimensional kernel. Since C is linearly normal, ker(u) corre¬ 
sponds to a unique point o G P^. Since f is a morphism, so we have o ^ C and / 
corresponds to the linear projection from o. Since / is induced by the linear pro¬ 
jection from o, the set So of all quadric cones containing C and with o contained 
in their vertices has dimension h'^{¥'^ ,Xc'{2)) — 1=3 with C = f{C). Since C is 
contained in a smooth quadric surface, we have W = { 0 } for a general IF G Sq. In 
particular, L is contained in the smooth locus of W and so a general A G |Ic(2)| is 
smooth at all points of L. Hence A is smooth. The set of all B G |Op4(2)| singular 
at o has codimension 5 in |Op4(2)|. Since dim(Eo) = 3 and h^(Xc{2)) > 8, we get 
h^{Xc{2)) = 8 and so h^{Xc{2)) = 0. Since h'^{Xc{3 — i)) = 0 for i = 2,3,4, so the 
Castelnuovo-Mumford lemma gives h^(Xc{t)) = 0 for all t >3. □ 

Proposition 3.10. IFe have Hilb(2, 3)+ = 2 I 3 7 ^ 0. 

Proof. Since Q is a smooth three-fold, every degree 2 locally Cohen-Macaulay dou¬ 
ble structure on a line is ribbon (El Remark 1.3]). No reduced curve D C Q has 
xiOo) = 3. Therefore Hilb(2, 3)+ = 1 ) 3 . We have V 3 ^ 0, because every C G C ;^4 
is contained in a smooth quadric hypersurface by Proposition 13.91 □ 
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Lemma 3.11. Let £ be a vector bundle of rank r > 2 onT = T[a\. If (ai,..., ar) € 
Z®*" is the splitting type of i-e. £\Tred — ®i=i^T’„d (o*)) then we have £ = 

(BUOHa,). 

Proof. We use induction on r; the case r = 1 being true by [5J Proposition 4.1]. 
Assume r > 1 and that the lemma is true for lower ranks. 

Let s be the maximal positive integer i such that = oi for all z < s and let 
h be the minimal positive integer i < r such that a — 2 + Oi — ai >0. Tensoring 
(IT|) with £{—ai), we get hf{£{—ai)) = s + + a,i — ai — 1). Fix a general 

map / : Ox{ai) —£■ Since we have hP{£{—ai)) > + Oi — «! — 1), 

so / induces an injective map g) : Of,i{—ai) —> ®^=iOpi(ai — Oi) with locally free 
cokernel. Thus / is injective also with locally free cokernel, say iF. By the inductive 
assumption we have F = ©[= 2 ^ 2 " (ai)- Since a is nonnegative, so the sequence (HD 
gives h^lOrij)) = 0 for all j > 0. Hence every extension of F by Oriai) splits and 
we get £ = Qi^iOrioi). □ 

Definition 3.12. The sequence of integers (ai,... ,ar) with oi > • • • > in the 
statement of Lemma l3.11l is called the splitting type of £. 

Remark 3.13. By Lemma 13.61 the bundle £ = is spanned if and 

only if Qr > 0. Since dim(T) = 1, so a dimension counting gives that if £ is 
spanned and h^{£) > r, then £ is spanned by a general (r + l)-dimensional linear 
subspace of H^{£) by [H Theorem 2]. Again by Lemma [3.61 if £ is spanned, then 
we get h^{£) = 0. Now assume > 0 and so £ is spanned. By Lemma [3.41 the 
pair {£,H'^{£)) induces an embedding of T into the Grassmannian Gr(7V, r) with 
N = ra — r + 2r{ai + • • • + Ur) if and only if ai > 0. In the case of oi > 0, the 
image of T in Gr{N,r) has degree 2, i.e. it is a double structure on a line, if and 
only if oi = 1 and = 0 for all f > 0. 

The case a = 1 is very particular because it is the only case with h°{OT) = 1, 
and it is treated separately below. 

Proposition 3.14. £>14 is a smooth and irreducible open subset 0 /Hilbg^ (2,1) 
and dim(Ri^ 4 ) = 9. 

Proof. For fixed A € we have (A) = since h'^(OA(^)) = 3. First assume 
(A) C Q. In <54, we have two families of planes, each of them is isomorphic to P^, 
and that the set of all double lines in a plane is isomorphic to a plane; the dual 
plane of all lines of P^. Hence we get in this way two irreducible families 7i, 72 of 
elements of each of them of dimension 4. Fix A G 7i and set W := (A). Since 
A is a conic of W, we have = Oa(2} © (A^iv|Q 4 )|^- The bundle is 

the restriction to W of the universal quotient bundle £ on Q 4 and so it is spanned. 
We get h^(A, = 0 and so h^{NA\Qj = 0. We get that HilbQ4(2,1) is 

smooth and of dimension h^{NA\Qi) = 9 at [A]. 

Now fix a line L C Q4 and let 77 C P® be a general hyperplane containing L. The 
quadric Q' := H D Q4 is smooth. Fix oi, 02 € L with oi 7 ^ 02 and let Hi, i = I, 2, 
be the tangent hyperplane To^Q 4 of Q 4 at Oi. The scheme 77 := (54 fl 77 fl 77i fl 772 
has L as its reduction and hence it is a complete intersection curve 77 C P® with 
Tlj-ed = L and (77) = 77 n 77i fl 772, he. dim(77) = 2. Hence we get 77 G 77i,4. 
We also get that 77 is the complete intersection of Q4 and three hyperplanes, and 
so fVuiQi — C7 d( 1)®^. We get that HilbQ^(2,1) is smooth and of dimension 9 at 
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[D], This part of X>i ,4 is irreducible, because the set of all lines of Qa is irreducible. 
Since dim(7i) < 9, we get that has a unique irreducible component. □ 

Proposition 3.15. For with n > 5, we get the following: 

(i) Vi n is irreducible. 

(ii) Each C G a flo,t limit of a smooth conic o/Q„. 

(hi) Hilb((5„) is smooth at C G 'Di n- 

Proof. Fix C G and let M = (C) C denote the plane spanned by C. 

If M is contained in Q^, then we may deform C to a smooth conic inside M 
and so inside (5„. Since the normal bundle is globally generated, we have 

h^[C, (fVM|Q„)|p) = 0. From Nc\m = Ocifi) we have h^{Nc\M) = 0. The inclusion 
C ^ M is a regular embedding and so the natural map Nc\q^ — {Nm\q^)^q is 
surjective. Hence the normal sheaf sequence of the inclusions C C M C Qn gives 
h^{Nc) = 0 and so Hilb((5n) is smooth at C. 

If M is not contained in Qn, then we have C = Qn H M as schemes and Nc = 
Thus we have h^{Nc) = 0 and so Hilb(Q„) is smooth at C. Moving 
M to a plane in transversal to Qn, we get that C may be deformed inside Qn 
to a smooth conic. □ 

Proposition 3.16. Let T = T\a\ with a> 2. For £ := Ot(1) © Or and a general 
4,-dimensional linear subspace V of F{^{£). Then we have the following: 

(1) {£,V) induces an embedding ofT. 

(2) Da,A is non-empty and irreducible. 

(3) Every element of'D 2 ^A is a flat limit inside Qa of a family of disjoint unions 
of two lines and a general element of £> 2 ,a is a smooth point o/Hilb(Q 4 ). 

Proof. It is sufficient to prove part (1). Note that V spans £ by Remark l3.I3l 
For each point p G = Tj-ed, let TpT be the Zariski tangent space of T and p 
and call Dp C TpT the Zariski tangent space of Fred- Then we have TpT \ Dp = A^. 
For V G TpT \ Dp, the sequence (P) gives h^{T,Xy) = hP{OT) — 2 since a >2. So 
we have 0 ^) = h^{£) — 4. 

Consider Uy := F[°{T,Iy 0 f) as a 4-codimensional linear subspace of H^{£). 
Let By be the Schubert cycle of all V G Gr(4, H^{£)) with dim(H fl Uy) > 0. The 
variety By has codimension 4 in Gr(4,)). Since dim(r) = I, the set 

U By 

pGPh v€TpT\Dp 

is not dense in Gr(4, iL°(£l)), and so for a general V G Gr(4, we have V G 

By = % for all p and v G TpT \ Dp. For a general V we may also assume that it 
spans £. Let f : T —Gr(H, 2) denote the morphism associated to (£,V). Note 
that /(Tj-ed) is a line and that /|Tred injective. Thus / is an embedding if and only 
if it is a local embedding at all p G P^. By [9l proof of 11.7.3] it is sufficient to prove 
that its differential induces an embedding of the Zariski tangent space TpT of T at 
a fixed point p. Fix v G rpT\ {0}. If v is tangent to Fred, then dfp^^iv) ^ 0, because 
is an embedding. It v ^ Dp, we have dfp^:{v) ^ 0, because V By = %, i.e. 
Vr\H°{Iy®£) = 0. 

Now assume a = 2. Since F> 2,4 is irreducible, so it is sufficient to prove that 
a general C G ©* 2,4 satisfies h^{Nc) = 0 and that C is a flat limit of a family of 
disjoint unions of two lines. Fix a smooth hyperplane section Q 3 C Qa and any C 
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contained in 2?2,4- By Lemma 15.11 (7 is a flat limit of a family of disjoint unions 
of two lines of Q3. By the proof of the Claim in the proof of Lemma [5.11 C is 
contained in a smooth quadric surface Q 2 C Qz- We have lVc|Q 2 — and so 
h}-{Nc\Q^) = 0. Since h^{Oc{i)) = 0, we get h^{Nc) = 0. By the semicontinuity, 
we get h^{ND) = 0 for a general D e D 2 ,a- □ 

Remark 3.17. If a = 2 (resp. a = 3), then any C S Pa .4 is contained in a 
3-dimensional (resp. 4-dimensional) linear subspace, because /i°(Oc(l)) = a -I- 2. 

Proposition 3.18. For P 2 ,n with n>b, we get the following: 

(i) P 2 ,ra is irreducible. 

(ii) Each C G ^ 2 ,™ is a flat limit of a family of two disjoint lines. 

(hi) Hilb((3„) is smooth at C G P 2 .n, outside the (4n — 9)-dimensional family 
of curves in ^ 2 ,™ whose linear span intersects Qn in the double plane. 

Proof. Let M = (C) C P”+i denote the linear span of C G P 2 ,n and then we have 
dim(M) = 3. 

First assume M C Qn- In this case C may be deformed inside M to a disjoint 
union of two lines. Since the normal bundle Nm\q.^ is globally generated, so we have 
h^{C, {N m\q„) = 0. We also have h^{Nc\M) = 0, because C is contained in a 
smooth quadric surface contained in M. Since C is a locally complete intersection 
in M, the natural map Nc\q.^ —> i.^M\Qn)\c surjective. Hence the normal 
sheaves sequence of the inclusions C C M C Qn gives h^{Nc) = 0. 

Now assume that M CiQn is a quadric surface with singular locus of dimension at 
most 1, i.e. M is not a double plane. In this case there is a smooth 4-dimensional 
quadric <54 such that M H Qn C Qa C Qn- By part (3) of Proposition 13.161 C is 
smoothable to a disjoint union of two lines and there is a smooth quadric surface 
Q2 C <54 such that C C Q2- We hrst get h^{Nc\Qfl = 0 and then h^{Nc) = 0. 

Assume that M n Qn is a double plane. The family of all curves in P 2 ,n, which 
is contained in M r\Qm is irreducible and 5-dimensional by m Corollary 4.3] with 
Z = {g}, Y = P = L and z = y = p = 1. Since the set of all planes contained 
in Qn is an irreducible variety of dimension 2 -|- 4(n — 4) = 4n — 14, we get that 
the family of all such curves on double planes is parametrized by an irreducible 
variety of dimension 5 -I- (4n — 14) < 2 -|- 4(n — 2) = x(A"c). Since C is a locally 
complete intersection with embedded dimension 2 everywhere, so it deforms to 
another curve C of embedded dimension at most 2 everywhere, which is locally a 
complete intersection and so with no embedded point. In particular C is either 
a disjoint union of two lines or a double structure on a line with no embedded 
point and with embedded dimension 2 everywhere. In the latter case it is a ribbon 
because of its embedded dimension 2 everywhere. Hence we get that C G ^ 2 ,™ 
and we many assume that C spans a 3-dimensional linear space whose intersection 
with Qn is not a double plane because of dimensional reason. Since C is a limit of 
a family of two disjoint lines, so is C. □ 

4. Warm-up case of y = 1 

Remark 4.1. Let A C P*", r > 3, be a locally Cohen-Macaulay scheme of degree 2 
with pure dimension 1. Then we have x(Oa) > 1 by the upper bound for the genus 
of locally Cohen-Macaulay curves with degree 2 in projective space of dimension at 
least three (e.g. see [ID]). Since deg(A) = 2, this may also be proved using that no 
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ribbon of positive genus has a very ample line bundle of degree 2. Thus we have 
Hilb(2, a) = 0 for all a < 0. 

Lemma 4.2. We have Vi = P^. 

Proof. It is enough to check that T’i(L) is a single point space for each line L C Q. 
The elements of are the complete intersection of two quadric cones of Q such 
that their vertices are contained in a line L C Q. Indeed, fix any line L C Q and 
two distinct points p,q £ L. The conic TpQ n TqQ fl Q contains L and it has at 
least two singular points p and q. Thus we have TpQ D TqQ r\Q £ Vi. Using the 
quadratic form associated to Q, we see that the map u : Q —s- defined by 

p I—>■ TpQ is injective with a smooth quadric surface u{Q) as its image. Thus for all 
p,q £ L with p ^ q,we have TpQ ^ TqQ and so TpQ fl TqQ CiQ £ T’i(L). 

Claim: The set u{L) is a line, i.e. there is a unique plane E C such that 
TpQ D E for all p £ L. 

Proof of the Claim: Since the set of all lines of Q is homogeneous for the 
action of the group Aut((5), it is sufficient to prove the Claim for a single line. Fix 
homogeneous coordinates [a:o : ■ • • : X 4 \ such that Q = {a;oa:i + X 2 X 3 , + x‘\=C} and 
L = {xo = X 2 = xa = 0}. For p = [0 : 1 : 0 : 0 : 0], we have TpQ = {xq = 0}. If 
g = [0 : a : 0 : I ; 0] for some a, then we have TqQ = {cxq + X 2 = 0}. Thus we may 
choose E = {xo = X 2 = 0}. □ 

Since TpQ fl TqQ = E for all p 7 ^ g G L in the Claim, we get that Vi{L) is a 
unique point. □ 

Lemma 4.3. We have Hilb(2,1) = Hilb(2,1)+ = Gr(3, 5), the Grassmannian 
variety parametrizing projective planes in P^. 

Proof. Recall that Q contains no plane and so the curve C := M D Q for a plane 
M is an element of Hilb(2, 1)+. Conversely, for a fixed [C] £ Hilb(2, 1)+, either C 
is a reduced conic or C G T>i. In the latter case C fits into the exact sequence 

0 ^ Ol(-1) -£Oc 

with L := Cred and so hP{OcQ)) = 3. Thus in either case C is contained in a plane 
(C) = P^ and so we have C = {C)r\Q as schemes. Thus we have (Hilb(2, l)+)red — 
Gr(3,5). Now we check that Hilb(2,1) = Hilb(2,1)+. Fix [C] £ Hilb(2,1) and 
\ei D £- C be the maximal locally Gohen-Macaulay subcurve of C\ the ideal sheaf 
^D,c of D in C is the intersection of the non-embedded components of a primary 
decomposition of the Noetherian sheaf Oc- Let a be the degree of the kernel of the 
quotient map Oc —t Od- If L> 7 ^ C, i.e. [C] ^ Hilb(2,1)+, then we have a > 0 
and so D £ Hilb(2,1 -a)+. Thus we get Hilb(2, l),ed = Hilb(2, l)+,red = Gr(3,5) 
by Remark l4.II Now for each conic C C Q, we get the locally free resolution of Xc, 

0 ^ Oq(-2) ^ Oq(-1 )®" -£Xc^0 . 

Tensoring it with Oc, we get Nc\q = OcQ)®^- In particular we have = 6 

and h^{Nc\Q) = 0. Hence we have Hilb(2,1) = Hilb(2, l)red and the assertion 
follows. □ 

Remark 4.4. Let Gi for i = 1,2, 3 be the subvariety of Gr(3,5) parametrizing 
conics on Q of rank at most i. In particular, we have Gi = P^ and G 3 = Gr(3, 5). 
To each point p £ Q we may associate the projective plane formed by the planes 
contained in TpQ and containing p. Thus G 2 is a hypersurface and so it is an 
element of |OGr( 3 , 5 )(a)| for some a > 0. Fix a general hyperplane H C F'^ and 
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set Qi ■.= H r\Q & smooth quadric surface. Let M C Gr(3, 5) be the set of all 
planes contained in H and then G 2 H M is the set of all planes in H which are 
tangent to Qi, i.e. the dual variety of Qi, as a hypersurface of H. Since 
is a smooth quadric surface, so we get a = 2. G 2 is homogeneous for the action of 
Aut((5), because this group acts transitively on the set of all reducible conics; it 
acts transitively on the set of singular points of conics and if Di , D 2 are reducible 
conics with common vertex point p, then they correspond to pairs of different lines 
of the surface quadric cone TpQ n Q. 

Proposition 4.5. We have 

M(2, 1) ^ M“(2, 1) ^ Hilb(2, 1) = Gr(3,5) 

for all a > 0 and they are fine moduli spaces. 

Proof. The fineness of M(2,1) comes from [131 Corollary 4.6.6] with (ao,ai) = 
(1, 2). Let (1, £ M“(2,1) be a strictly a-semistable pair and so it has a subpair 

{s,J-') with = t + c such that c + 5 ■ a = In particular we have 

T' = Ol'{c— 1) for a line L' C Q. If <5 = 1, then we have 2c + a = 1. But since T' 
has a non-zero section, so we have c > I, a contradiction. If <5 = 0, then we have 
c= But the quotient pair hasxjr"(t) =t-l-I —c. Since = ©^/'(-c) 

with a line L", so we have c < 0, a contradiction. Thus there is no wall-crossing 
among M“(2, l)’s and so we have 

M°°(2,1) M“(2,1) ^ M°+(2,1) 

for all a > 0. Note that a curve C in Hilb(2,1) is a conic, including a planar 
double line. For such a curve C, we have that Oc is stable with ^(Oc) = 1 and 
hP{Oc) = 1. Note that C is either 

• a smooth conic with TQ|p = Opi(2)®^ and so Nq^q = Opi(2)®^, or 

• a reducible conic, say C = Li UL 2 (possibly Lx = L 2 ), with Nq = Oc(I)®^ 

and so it is evident that Oc is stable. Conversely, for T £ M(2, 1), the curve 
C = Cjr has degree at most 2. If deg(C') = 1, say C = L a. line, then J" is a vector 
bundle of rank 2 on L, i.e. J- = Ociai) © 0 ^( 02 ) with oi + 02 = —1 and oi > 02 . 
The subbundle Ociai) destabilize T and so we have deg(C') = 2. Since x(J’) = 1, 
so we have > 0 and a non-zero section induces an injection u \ On for a 

subcurve D C C. In the case oi D = C, we have [D] £ Hilb(2, 1) by Remark id.ll and 
coker(it) =0. li D C C, then D = Lisa line. Since XOi(^) = ^ + 1, so it contradicts 
to the semistability of T. Thus the forgetful morphism tp : M°“(2, 1) —> M(2, 1) is 
bijective. To confirm that it is an isomorphism, it is enough to check the smoothness 
of M(2,l). Note that dimHomQ(C)c': = 1, since C is connected. Apply 

ExtQ(—, Oc) to the standard sequence for C C Q, we get 

0 —> iloTaQ{Oc, Oc) —t Y{ov[\q{Oq,Oc) —> HomQ(Ic', Oc) 

-A Ext^(Oc, Oc) -A Ext^(OQ, Oc). 

Since ExtQ(C>Q, Oc) = H^{Oc) = 0, so we get ExtQ(Oc,Oc) = HomQ(Jc,Oc). 
But we have HomQ(Ic 7 0c) — Homc(Tc ® Oc,Oc) — ff^(JVciQ) and so its di¬ 
mension is 6 . In particular, M(2,1) is smooth. 

The morphism from M°°(2,1) —>■ Hilb(2,1) is bijective and so it is an isomor¬ 
phism since Hilb(2,1) is smooth. In particular, M°“(2,1) is smooth. 
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Now let U be the universal sheaf on Q x M(2, 1) and then fi*{U) is a line bundle 
on Q, where /i is the projection to Q. If : Q x M°°(2, 1) —Q is the projection, 
then the pair {g\fi*(U)^ <P*U) is the universal coherent system. □ 

5. Case of y = 2 

Lemma 5.1. T >2 is an irreducible and non-empty subset o/Hilb(2, 2) with dim(I? 2 ) = 
5. For any C S 1^2, we have the following: 

(i) C is contained in a smooth hyperplane section Q 2 - 

(ii) h^{Nc) = 0 and h^{Ic{t)) = 0 for all t > 0. In particular, C is a smooth 
point o/Hilb(2,2). 

(hi) C is a fiat limit of a family of disjoint unions of two lines. 

Proof. Note that for each smooth hyperplane section Q 2 C Q and any line L C Q 2 , 
the effective Cartier divisor 2L of <52 is a split ribbon with the prescribed xi^c) 
and so it is an element of I? 2 - In particular we have II 2 ^ 0- Conversely fix any 
C G T >2 and then it fits into the exact sequence 

(5) O^Ol^Oc ^Ol^O 

with L := Cred- Since /i°(C>c(I)) = 4, so C is contained in the scheme-theoretic 
intersection M CiQ, where M C is a hyperplane. Note that the hyperplane M 
is unique, because it is the linear span (C) of C in P"^. 

Claim : M is not a tangent hyperplane of Q, i.e. M n Q is a smooth quadric 
surface. 

Proof of Claim : Let A be the split ribbon with x{^a) = 2. The unique 
line bundle C of degree 2 on ^ is very ample and h°{C) = 4. Therefore, up to 
projective transformations, there is a unique ribbon E C with x{Oe) = 2. Set 
L := L'red- Any smooth quadric surface containing L also contains an embedding 
E of A with L as its support. By the uniqueness of the embedding of A up to a 
projective transformation, we get /i^(P^,X£;(2)) = 0, /i°(P^,X£;(2)) = 4 and that 
a general quadric surface containing E is smooth. E is contained in all quadric 
surfaces which are the union of two planes through L. We need to prove that E 
is not contained in an integral quadric cone. Assume E G U with U a quadric 
cone and call o the vertex of U. Then we have o G L. Since C/ is a quadric cone, 
so for two points p,p' G L \ { 0 } the planes TpU and Tp^U are the same. Since E 
has planar singularities, we get that TpU is the Zariski tangent plane to E at o. 
Fix a smooth quadric surface Q 2 G> E. Since E has planar singularities, we get 
TpQ = TpE for all p G L. The tangent planes TpQ 2 with p G L \ {o}, have the 
property that TpQ 2 DQ = LU Lp, where Lp is the unique line of Q 2 intersecting L 
and containing p. Hence p ^ p' would imply TpQ 2 ^ TpiQ 2 , a contradiction. □ 
By Claim, C is contained in a smooth quadric surface and so we get h^{Nc) = 0. 
Thus [C] is a smooth point of Hilb(2,2). Similarly we get h^{Ic{t)) = 0 for all 
t > 0. We also see that the algebraic set T >2 is equidimensional of dimension 5 and 
that it has one or two irreducible components, because each smooth quadric surface 
has exactly two rulings. The set of all lines in Q is isomorphic to P^. In particular 
it is irreducible and of dimension 3. For each line L C Q, the set of all hyperplanes 
M C P^ containing L such that M n Q is smooth is a non-empty open subset of 
P^. Thus it is irreducible of dimension 2 and so V 2 is irreducible. □ 
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Remark 5.2. Note that the set of hyperplanes in whose intersection with Q is 
a smooth quadric surface, is parametrized by \ Q'^, the dual space of P^ minus 
the dual of Q. The quadratic form associated to Q induces an isomorphism between 
Q and it dual which associates TpQ to each p G Q; under the isomorphism, a 
line L G Q is mapped to a line in Q'^, not just a rational curve. In particular, we 
have T> 2 {L) = P^ \ P^. 

Proposition 5.3. Hilb(2,2)+ is smooth, irreducible and of dimension 6 . 

Proof. Take [C] G Hilb(2, 2)_|_. Then we have that either C is the disjoint union of 
two lines or C G T> 2 - If C” is the disjoint union of two lines, then we have {Nc) = 0 
and so the set of all such curves is irreducible of dimension 6. Now the assertion 
follows from Lemma l5. II □ 

Remark 5.4. The scheme Hilb(2,2)+ is not closed in Hilb(2, 2) and in particular 
it is not complete. Let T C Q he a surface quadric cone with the vertex o. Fix two 
distinct lines L,R C T and so we have L D R = {o}. Let A be an integral affine 
curve with a fixed point q G A and {i?p}pgA be a family of lines of Q with Rg = R 
and L n i?p = 0 for all p G A \ {g}. The family {L U Rp}pgA\{( 3 } has a flat limit 
B G Hilb(2,2) containing LU R, but with an embedded point o. Note that B is 
not contained in T. 

Fix [C] G Hilb(2,2) \Hilb(2,2)+. Let D G Hilb(2,c)+ be the maximal locally 
Cohen-Macaulay subscheme of C with pure dimension 1. Let a be the degree of 
the kernel of the surjection ip : Oc — Od and then we have c = 2 — a. Remark l4.ll 
gives a = 1 and c = 1. Thus the sheaf ker((p) is the structural sheaf Cp of a unique 
point p G Q and we have a map 

(6) if : Hilb(2, 2) —^ Hilb(2, 2)+ U (Hilb(2, 1) x Q). 

For {D,p) G Hilb(2, 1)-|. x Q, let us define A{D,p) := tp~^{D,p), i.e. the set of 
all [C] G Hilb(2, 2) with D as the maximal locally Cohen-Macaulay subscheme of 
C with pure dimension 1 and with p G I^red as the support of the kernel of the 
surjection Oc — Od- If P ^ T'red, then we have C = DU {p} as schemes and so 
A{D,p) is a single-point space. Thus it is sufficient to consider the scheme C with 
P G Llred- 

Lemma 5.5. For D G Hilb(2,1) and p G Dredj we have A{D,p) = P^. 

Proof. Assume that D is smooth at p. In the local ring Oq,p, there are generators 
{x, y, z} of the maximal ideal m of Oq,p such that D has local equations y = z = 0. 
There is a bijection between A{D,p) and the set of all ideals J of Oq,p contained 
in {y,z) and with a 1-dimensional vector space {y,z)/J. In particular, J contains 
a linear combination of y and z. Thus we may assume that z G J and so we get 
(p, z)! J = [y)/J' for an ideal J' C C[a;, y]. The only possibility of such J' is {xy, p^) 
and so the set of ideals J is parametrized by the set of planes containing the line 
y = z = 0. In other words, letting TpD C TpQ be the tangent line of D at p, there 
is a bijection between A{D,p) and the planes in TpQ containing TpD. Hence we 
have A{D,p) = P^. 

Assume now that D is reduced and that p is a singular point of D. In this case 
D is a reduced conic with the singular point p. We may assume that D is locally 
defined hy z = xy = 0 with the maximal ideal m = (x, p, z) of Oq^p. Again there 
is a bijection between A{D,p) and the set of ideals J contained in [xy, z) and with 
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a 1-dimensional vector space {xy,z)/J. Thus J contains a linear combination of 
xy and 2 , say axy + bz € J. If a = 0, i.e. z G J, then C is contained in the 
plane z = 0, then we have {xy,z)/J = {xy)/J' for an ideal J' C Since 

d\m.c{xy)/J' = 1, so the only possibility is J' = {x‘^y,xy'^). If o 7 ^ 0, then we have 
xy + cz G J. Then we must have an isomorphism (xy,z)/J = C{z} defined by 
xy i-A —cz, since we have duiic{xy, z)/ J = 1. Thus we have {z^,xz,yz} C J and 
so we get {xy + cz, z'^, xz, yz} G J. Indeed the ideal (xy + cz, xz, yz) defines D 
with the embedded point p and so we have J = {xy + cz, z‘^,xz,yz). Overall we 
get J = {axy + bz, z^,xz,yz,x^y,xy^) and thus the ideals J are parametrized by 
the choice of coordinates {a : b) G and so we get A{D,p) = In fact, there 
are two kinds of curves in A{D,p), one with a = 0 and the others with a 7 ^ 0. The 
curves with a 7 ^ 0 are isomorphic to each others, but they define different elements 
in Hilb(2,2). 

Now assume D G Vi. Since there exists a unique plane {D) = P^ containing 
D, we may assume that D has local equation z = x^ = 0, i.e. {D) is defined by 
z = 0. The ideal J defining C is contained in {z,x^) such that the dimension of 
the vector space {z,x^)jJ is 1. Similarly as in the previous case, if z € J, then we 
have {z,x^)IJ = {x^)/J' for an ideal J' C 'C[x,y]. Thus we have J' = {x^,x^y). 
If z 0 J, then we have an isomorphism {z,x'^)jJ = C{z} defined by x^ H- —cz 
for some c G C and so we get J = {x'^ + cz, z^,xz,yz). Overall we get J = 
{ax^ + bz, z^,xz,yz,x^,x^y) and thus the ideals J are parametrized by the choice 
of coordinates {a : b) G P^ for which ax^ + bz G J and so we get A{D,p) = P^. □ 

Let Ii be the incidence variety of Hilb(2,1) x Q, i.e. 

Ii := {{D,p) G Hilb(2, l)xQ\pGD}. 

The set of conics on Q passing through a fixed point p G Q is isomorphic to 
Gr(2,4) and so 712 : Ii —Q is a Gr(2,4)-fibration. In particular Ii is a smooth 
variety of dimension 7. Let us define I 2 to be the diagonal over Sym^(P^), the 
second symmetric power of P^. 

Let Hi be the subvariety of Hilb(2, 2) parametrizing the non-locally Gohen 
Macaulay curves and then we have a morphism 4’\'Hi • ^1 — Hilb(2,1) x Q. We 
also let 'H 2 be the closure of Hilb(2,2)+. 

Let us set T-L' := ('Hi nH 2 )red- ii D G Hilb(2,1) and p ^ Dred, then C := D\j{p} 
is a smooth point of Hilb(2,2). Therefore we have C ^ TL'. 

Lemma 5.6. Let D be a eonic in Hilb(2,1) and p a point on D. 

(1) If p G Dsm, we have A{D,p) fl H' = 0 , i.e. no curve in A{D,p) is a flat 
limit o/Hilb(2, 2)+. 

(2) Ifp G Losing, we have A{D,p)C\T-i' 7^ 0 , i.e. there exists a curve C G A{D,p) 
which is a flat limit 0 /Hilb(2, 2)+. 

Proof. Since Gr(3, 5) is complete, at least one irreducible component of Dred is a 
line and so D is a reducible conic. Let e be the singular point of D. Assume the 
existence of a flat family tt : T — > T with T an irreducible curve, o G T, Tr~^{o) = C 
and 'K~^{t) G Hilb(2, 2)+ for alH S T \ {o}. Since the support of the nilradical of 
Oc is a single point p,t hen TT~^{t) ^ V 2 for a general t gT. Since p ^ e, there is 
an open neighborhood H of e in T such that n^jj : U —>■ 7r([/) has reduced fibers, 
one connected fiber with an ordinary node and a general fiber a smooth curve with 
two connected components because which is impossible by [TJ Proposition X.2.1]. 
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(a) Assume that Z? is a reducible conic with the singular point p ^ e € D. 
Since the support of the nilradical of Oc is a single point p,t hen 7r“^(f) ^ T >2 for 
a general t € T. Since p ^ e, there is an open neighborhood U of e in F such that 
TT^jj : U —> 7r(C/) has reduced fibers, one connected fiber with an ordinary node and 
a general fiber a smooth curve with two connected components because which is 
impossible by [U Proposition X.2.1]. 

(b) Assume that I? is a reducible conic and let p be its singular point. Write 
D = LUR with L, R lines. Let {Rt}teT be a family of lines of Q with T an integral 
curve, Ro = R for some o G T and n Z? = 0 for alH G T \ {o}. Since Hilb(2, 2) 
is proper, the family {L U Z?t}tGT\{o} has a limit C G R'. We have = {D,p). 

(c) For a fixed line L C Q and any p,p' G D, set C := Qf^TpQf^TplQ G Vi that 

is the only element of Vi with L as its reduction. Take a flat family of lines {R\} 
of Q disjoint from L and with L as its flat limit. Taking {i?A U L}, we get C G H' 
with '(/'(C) = {C',p") for some p" G L. Since Aut((5) acts transitively on the set of 
all {L,p") we get that for each pi G L there is Ci G %' with i/i(C'i) = (C',pi). □ 

Corollary 5.7. For a singular conic D in Q and a point p G losing, we have 

\A{D,p)nn'\ = 1. 

Proof. By (2) of Lemmawe have \A{D,p) n7Z2| > 1. From the exact sequence 
(7) O^Cp^Oc^Oo^O 

for C G A(F>,p), we have h^(C>c(l)) = 4 and so we get (C) = P^. In particular, C 
is contained in a quadric surface Q 2 '■= QP (C). By the proof of [161 Lemma 2], 
any surface containing C is singular at p. In particular, Q 2 is a singular quadric 
surface with the singular point p. Without loss of generality, we may assume that 
Q 2 is defined by the equation — xy = 0 in local coordinates x, y, z of (C) and 

p= (0,0,0). 

If H is a singular conic with the singular point p, then we may assume that D 
is defined by the ideal {z,xy). We know from Lemma 15.51 that the ideal defining 
C G A{D,p) is {axy + bz, z'^,xz,yz,x'^y,xy'^) and the only one containing — xy 
is with 6 = 0, i.e. (z^, xy, yz, zx). 

If D is in 'D 2 {L) with L defined by (z, x), then D is defined by the ideal (x, z^). 
Again the ideal defining C G A{D,p) is (az^ + 6x, x^, xz, xy, z^, yz^) and the only 
one containing z^ — xy is with 6 = 0, i.e. (z^,x^,xz,xy). 

Hence the curves in (?Zi n7Z2)red are determined by the pairs {D,p) with D G G 2 
and p G Zlgjjjg. EH 

Remark 5.8. By Corollary 15.71 the curves in A{D,p) \ H' with p G Using is 
parametrized by minus a point. Indeed, such curves are given as follows: 

(1) Fix a reducible conic D C Q with the singular point p and let Q 2 C Qhe any 
smooth quadric surface containing D and then we have D G |Oq2 (1,1)|. 
Let E G |Oq 2 (1,1)1 be any smooth conic containing p and let 3p C Q 2 
denote the closed subscheme of Q 2 with (Xp.Qj)^ as its ideal sheaf. The 
scheme (H U iE) H (H U 3p) has D as its reduction, but it contains a degree 
3 subscheme of E with p as its support, while E D D is exactly the degree 
2 subscheme of E with p as its reduction. 

(2) For a double line D G Ri, fix any quadric cone Q 2 G Q containing D and 
take any point p different from the vertex o oi Q 2 . Let M G El he a. plane 
containing p, but not the line Hred- Set E := Q 2 Cl M. You take as C the 
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union of D and the degree 3 subscheme of the smooth conic E with p as 
its support. 

Proposition 5.9. We have 

Hilb(2,2) = 'HiU'H2, 

with two irreducible components T-Li for i = 1,2 such that 

(a) Til and 7^2 o,fe rational varieties of dimension 9 and 6 respectively, 

(b) (Tti n ?72)red consists of singular conics D with an extra point p G Dging 
such that the hyperplane section containing the curve is singular at p, and 

(c) Hilb(2,2) is smooth outside 'Hi 0 772- 

Proof. By Proposition 15.31 and Corollary 15.71 it remains to show the irreducibility 
of 'Hi and its smoothness over (Hilb(2, 1) x Q) \ (77i fl 772). 

Let Ip = ip\-Hi ■ 77i —Hilb(2,1) x Q be the map defined from ([6|). We saw in 
Lemma [5.51 that ip is surjective and that if {D,p) ^ Ii, then the fiber is a single 
point, while for each x = {D,p) € Ii we have ip~^(x) = and in particular 
the fiber it is irreducible and of dimension 1. Hence 'ip~^(li) is irreducible and of 
dimension 8. Thus to prove the assertion it is sufficient to prove that a general 
element of is contained in the closure of '0“^((Hilb(2,1) x Q) \ Ii). 

Fix {D,p) G Hilb(2,1) x Q with D a smooth conic and p G D. Let TpD be the 
tangent line to D at p. For a general {D,p) we may assume that the line TpD is 
not contained in Q. Let 77 C P"*^ be a general hyperplane containing TpD. We saw 
in the proof of Lemma 1531 that a general element of tp~^{{D,p)) corresponds to a 
general triple {D,p,H). The set 77 fl Q is a smooth quadric surface. The family 
{{D,q)}q^Q(^H\DnH has a flat limit in Hilb(2,2) corresponding to {D,p,H). 

For the smoothness in (b), it is sufficient to check h^{Nc\Q) = 9 and h^{Nc\Q) = 
0 for C G 'Hi \ {'Hi n 772 ). If C = 77 U {p} with p ^ 77i.ed, then it is true since 
Nc\q = 0 TpQ. Let C be in A{D,p) for a conic 77 C Q and p G D. Then we 

have {C) = P^ and let <52 ■= Q Ci {C). From the following exact sequence 

(8) 0 -A TVciq, -a Nc\q -a Oc{1) 

where {Nq.^\q)\c = Oc{l), we get that h°{Nc\Q) < 4,+h°{Nc\Q,,). Assume that Q 2 
is smooth and then we have Id.q^ — Oq 2 {~^^ ~1)- Tensoring the exact sequence 

(9) 0 —s- Ic.Q2 —^ Id,Q2 —a Cp -a 0, 
by Oc, we get 

(10) 0 ^ rori(Cp, Oc) Ic,Q 2 Oc{-1) -a C®2 ^ 0. 

If we tensor the sequence o by Cp, we get 

0 ^ ToriiOcCp) -A roriiOD,Cp) -A Cp -A Oc ® Cp -A Cp ^ 0 

and so we get Tori(Oc,Cp) = Tori{OD,Cp)- Tensoring the following exact se¬ 
quence 

O^Oq,(-1,-1)^Oq, ^Oc^O 

by Cp, we get Tori{OD,Cp) = Cp and so Tori{Oc,Cp) = Cp. Thus the sequence 
OT factors into the following two exact sequences 

0 -A C„ ^ Ton (C., Oc) ^ Ic.o, 0 Oc -A On(-l, -1) -A 0, 


(11) 
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Applying Extg^ (—, Oc)-functor to the first sequence of (fTTI) . we get 

0—!■ Homg^ (0£)(—1, —1), Oc) —>■ HomQ^(Xc,Q2'^^C,(^c) —Homg^(Cp, Oc) —> 

Note that dim Homg^(Cp, Oc) = 1 and dimHomg2(0£)(— 1, — 1), Oc) = 4. It 
implies that /i°(-/Vc|( 32 ) = dimHorng^(I c',Q 2 ^ C>c,Oc) is at most 5. Since C is 
a limit of flat family of curves D U {g} C Q 2 with q ^ D and is an 

upper semi-continuous function on C, so we get h'^{Nc\Q 2 ) = 5. Thus we have 
/i°(iV( 7 |g) < 9. Again by the upper semi-continuity, we get h^{Nc\Q) = 9. 

If Q 2 is a singular quadric surface with the singular point e ^ p, then we 
may apply the exact same steps as in (a) by replacing Og 2 (I,l) by Og 2 (I), be¬ 
cause we still have that (i) Id.Q 2 — ^Q 2 (~^)^ (d) Tori{Oc,Cp) = Cp and (hi) 
dimHomg2(C)£,(-I),C>c) = 4. □ 

Lemma 5.10. For \D\ € Hilb(2,l) and a point p € D, there exists a unique 
non-trivial extension 

(12) 0 —Or, —-A Cp —0. 

Proof. Let D € Hilb(2,l) be a conic in Q defined as a complete intersection of 
zeros of two linear forms /i, /2 with the exact sequence 

(13) O^Og(-2) ^Og(-l)®2 ^ 1^3 ^0. 

Applying Ext*(Cp, —)-functor to (ICT for a point p € D, we get 

0 ^ Ext2(Cp,l33) ^ Ext3(Cp,Og(-2)) A Ext3(Cp,Og(-l))®2. 

Note that we get that dimExt^(Cp, Og(—2)) = dimExt^(Cp, Og(—1)) = 1 and 
the map s is the transpose of Hom(Og(2), Cp)®^ —,> Hom(Og(l), Cp) defined by 
( 51 , 52 ) t /i 5 i + / 252 - Since p is a point on £>, the map s is a zero map and 
so we have dimExt^(Cp,lD) = 1- Applying Ext*(Cp, — )-functor to the standard 
sequence for Od, we get Ext^(Cp, Od) — Ext^(Cp,Ir)) and so there exists a unique 
non-trivial extension. □ 

Proposition 5.11. Any semistable sheaf T of depth 1 on Q with Hilbert polynomial 
2t + 2 is one of the following: 

(i) iF = 0 0^2 ^'*^0 lines Li,L 2 on Q, possibly Li = L 2 , 

(ii) a non-trivial extension of by with L a line on Q, 

(hi) T = Oc(jp) for a smooth eonie C and p G C. 

Proof Let C = Cjr be the scheme-theoretic support of F and then deg(C') is either 
1 or 2. If deg(C') = 1, i.e. C = L is a line, then is a vector bundle of rank 2 on L. 
Thus we have T = Or(ai) 0Or ( 02 ) for oi > 02 such that Oi 002 = 0. In particular 
the subbundle ©^(ai) destabilize F unless oi = 0 and so we have F = . 

Now let us assume that deg(C') = 2. Since x{^) = 2, so we have h^{F) > 2. 
A non-zero section of H^{F) induces an injection u : Od ^ for a subcurve 
D C C. If U C C, then D = L is a. line and so we get coker(u) = Ol' with a 
line L', because Xcoker(u)(0 =t + l. The vanishing Ext^(Or',Or) = 0 implies that 
F = Ol 0 Ol'. In the case of = C, we get [D] G Hilb(2, c)+ with c G {1,2} due 
to the semistability of F. Note that we have F = Oc if c = 2, and coker(u) = Cp 
for a point p G C if c = 1. 
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Conversely, the sheaf T = Oc with [C] G Hilb(2,2)+ is strictly semistable from 
the following exact sequence 

0 ^ ^ ^ Ol, 0 

with {i,j} = {1, 2}. Assume now c = 1 and so [C] G Hilb(2, 2) \Hilb(2, 2)+. Then 
fits into the exact sequence (I12|) with p G D and [D] G Hilb(2,1). If D is a 
smooth conic, then any fitting into (fT^ non-trivially is stable. Assume that D is 
a reduced conic with the singular point o, say D = LiU L 2 . If p G L 2 \ ^i, then by 
applying Hom*(—, 0^ J-functor to (IT^ . we have Hom(J', = IIobi{Oc,Oli)- 
Thus we have a surjection u : J- —> Oli with ker(M) = Ol 2 , contradicting to the 
semi-stability of Conversely, if p = o, let us assume that Q C J- is a subsheaf 
with slope > 1. With no loss of generality we may assume Q = Oli{c) with c > 1. 
The composition u' : Q —> T —> Co is surjective, otherwise we would have an 
injection Oli(c) —>■ Oc, absurd. Thus we have ker(M') = Oli(c — I) and it injects 
into Oc- In particular we have c < 0, a contradiction. 

Claim 1 : We have !F = Ol^ © Ol 2 - 

Proof of Claim 1: We have a surjection u : Oli © Ol 2 —S’ Cp. The sheaf 
ker(u) has depth I and 2t + 1 as its Hilbert polynomial, D as its support. Since 
the map m* : H^{Oli © C’ia) —s- H^{Cp) is surjective, we have h°(ker(u)) = 1 and 
/i^(ker(rt)) = 0. By symmetry we get that the only non-zero section s, up to a 
scalar, of ker(u) does not vanish identically on one of the components Li. We get 
that s never vanishes, i.e. ker(M) = Oc- By the uniqueness of non-trivial extension 
due to Lemma [5. 101 we get the assertion. □ 

Now assume that D gVi with L = Dred and p G D. If Q = Ol{c) is a subsheaf 
of P with slope > 1, then we have c > 1. The composition u' : Q —> P —> Cp 
is surjective, otherwise it would give an injection Ol{c) —> Oc and it is absurd. 
Then we have ker(u') = Ol{c — 1) and it injects into Oc- Since c — 1 > 0, so it is 
again absurd and so J- is semistable. 

Claim 2: is an extension of Ol by Ol- 

Proof of Claim 2: Since ExtQ(£lL, Ol) = H°{Nc\q), so its dimension is 3. In 
particular the family of non-trivial extensions of Ol by Ol as an Og-sheaf up to 
scalar forms P^, say P(T). For a semistable sheaf Oc with C G V 2 {L), there exists 
a section s G H'^{Oc), inducing an extension in P(T). Notice that the space of 
sections inducing the sequence m form a 1-dimensional subspace, otherwise every 
non-zero section of H^{Oc) induce the sequence (O and it is impossible because 
of 1 S H^{Oc)- Since 'D 2 {L) is isomorphic to P^ \ P^, so there exists a P^-family 
of extensions of Ol by Ol, not coming from Oc- Since every element in P(L) is 
semistable, so the only remaining possibility corresponding to P^ C P(T) is given 
as an extension of Cp by Oc for D the unique element in T’i(T) and some point 
p G L. Indeed such an extension for every p G L admits an extension in P(T), 
because Aut((5) is transitive on the pairs {L,p). □ □ 

Remark 5.12. For any line L C Q the isomorphism classes P(T) of non-trivial 
extension J" of Ol by itself are parametrized by P^. We have P(i) = LJg' 2 , where 
3^1 is parametrized by 2 ? 2 (©) = P^ \ P^ and 5^2 is parametrized by L = P^, i.e. the 
extensions of Cp by Oc with {D} = Vi{L) and p G L. So the corresponding locally 
CM curve to J" € U 2 is the unique D G 'Di{L). 

Moreover, the sheaf G 5^2 is not isomorphic to O®^. Indeed from two non¬ 
proportional surjective maps Ui : T —> Ol for i = 1, 2, we get two non-proportional, 
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possibly not surjective, maps Vi : Od —> Ol- One of them cannot be surjective and 
so it has Ol{—c) with c > 1, which is impossible since Od is stable by Proposition 
H31 

Remark 5.13. Let C be an abstract ribbon with ^(Oc) = 2 and J- be the unique 
non-trivial extension of Cp by Od with D € T>i{L) and p € L. There is a unique 
morphism u : C —> D, the blow-up of Z? at p in the terminology of [7]; set Q := 
u^,Oc and then it is an O^j-module with an injection Od —> Q with Cp as its 
cokernel. Since Q is torsion-free, this extension of Cp as an O^i-module is not 
trivial. Since Ou is a quotient of Oq, so Q is also an extension as Og-module and 
it is non-trivial, since it is torsion-free as an Ou-module. Hence we get Q = T. J- 
is not locally free at p, because it is locally free outside p and we know that all line 
bundles on D have odd Euler number with the form OD{t), t G Z. Thus the fiber 
of at p is not a 1-dimensional vector space by Nakayama’s lemma. Hence is 
not a line bundle on L and so we get = Ol (BCp. 

Corollary 5.14. Any [F] G M(2,2) appears in this list: 

(1) F = Oli © Ol^ with two lines Ti,T2 on Q, possibly Li = L2, 

(ii) F = Oc(p) for a smooth conic C and p G C. 

Remark 5.15. (1) For each sheaf F G P(L), we get the exact sequence 

(14) o^Ol-^F^Ol^O 

and so its corresponding equivalence class in M(2, 2) coincides with [Of^]. 

(2) In (iii) of Proposition [5TT] with D a smooth conic, we have F = Oc{p) and 
so F is determined only by the choice of D. 


Lemma 5.16. For a semistable sheaf F of depth 1 on Q with Hilbert polynomial 
2t + 2, we have 

( 12, if F = O®^ for a line L C Q, 
dim Extg (J", J”) = < 8, i/CjF G G 2 , 

[ 6, otherwise. 

Recall that we have Cjr g G 2 if and only if either 

(a) F = Oli © Ol 2 for two lines Li,L 2 with \Li fi L 2 I = 1 or 

(b) F admits non-trivially with D gVi and p G F>red- 


Proof. By 0 Lemma 13] we have the following exact sequence for a smooth sub- 
variety Y, a coherent Og-sheaf F and a coherent Oy-sheaf Q: 

0 —Exty(J'|y,e) ^ Extg(J',^) 

(15) T 

^ Homy(rorf {F,Oy),Q) F^il{F\Y,Q)- 

li F = Q = Oc{p) for a smooth conic C and a point p G C, we get Extg(J^, F) = 
H°{Nc\q)®‘^ and so its dimension is 6. 

Let F = Oli and Q = Ol^ for two lines Lx and L 2 . If L := Li = L 2 , then we 
get ExtQ{F,Q) = H^{Nl\q) whose dimension is 3. If Li n L 2 = 0, then we get 
Extg(J^, iy) = 0. If Li n L 2 = {p}, then Extg(J', t/) = Ext^^ ^^ 2 ) ^rid so its 
dimension is 1. Using this we get for F = Oli © Cia that 


12 , 

8 , 

6 , 


if Lx = L 2 ; 
if |LinL2| = i; 
if Li n L 2 = 0- 


dim Extg(J', F) 
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Assume now that T = Oc with C G and L := Cred- By Claim of Lemma lOI 
we have Qi := (C) fl Q is a smooth quadric surface. Assume that C G \Oq^ (2, 0)|. 
Apply the sequence (ITSl) to 1" = Qi with T = Q = Oc and then we have 

O^Ext^^(Oc,Oc)^Ext^(Oc,Oc) 

^ Homg, (Oc(-l), Oc)Ex4 (Oc, Oc). 

Note that the dimension of HomQj (Oc(—l), Oc) is h°(Oc(l)) = 4. Apply Extg^ (Oc,—) 
to the standard exact sequence for O C Qi and then we get 

0 ^ Homg, (Oc, Oc) Ext^^ (Oc, Oq,(-2,0)) 

-A Ext^^(Oc, OqJ -A Ext^^ (Oc, Oc) -A Ext^^ (Oc, Oq, (-2,0)) 

-A Ex4(Oc,OqJ -a Ext|^(Oc,Oc) ^ 0. 

Note that Ext^^(Oc,OQ,(-2,0)) ^ iLi(Oc(0,-2))^ ^ 7J0(Oc(2,0)) ^ 7L°(Oc) 
and so its dimension is 2. Similarly we get that 

dimExtQ^(Oc,OQj = 2 and dimExtg^ (Oc, Og^ (-2, 0)) = 0. 

Since the dimension of Homgj(Oc,Oc) is at least 2, it is indeed 2 and so we get 
dimExtg^(Oc, Oc) = 2. Since Ext^(Oc, OgJ = 0 by the Serre duality, so we get 
Extg^(Oc, Oc) = 0. Hence we get dimExtg(Oc, Oc) = 6 by the sequence (fT6)l . 

Let T be the non-trivial extension of Cp by Oc with D G 2?i(L) and p € L. 

Now we get the following two sequences for Xc- (USD and 


(17) 0 -A Ic Og ^ Oc ^ 0, 

Apply Exto(OL, —)-functor to (flSl) and then we get 

(18) 

0^Ext^(Oi,Ic) ^Ext^(Oi,Og(-2)) ^Ext^(Oi,Og(-l)®2) -AExt|(Oc,Ic) - 

since Extg(OL,Og(-l)®2) = ExtQ(OL, Og(-2)) =0. Now we get Extg(OL, Og(-2)) = 

0 and Extg(OL, Og(—1)) = H^{Ol{—2)Y. Thus we have 

dimExTg(Oi,Ic) = I 2 ^ 

Apply Exto(OL, —)-functor to (fT71) and then we get 
(19) 

0 ^ Ext^(OL,Oc) ^ Ext|(Oc,Ic) ^ Ext|(OL,Og) -A Ext^(OL,Oc) ^ 0 

since Ext^(OL,Og) ^ = 0- Note that Ext^(Oz,, Og) ^ 

and so its dimension is 2. We have Extg(0_L,Oc) — Extg(Oc, Ol(—S))'^ and it 

admits the following exact sequence 

0 ^ Exti(Oc®OL, Oc(-3)) -A Ext^(Oc, Ol(- 3)) ^ Homi(ror?(Oc, Oc), Oi(-3)). 

In particular, the dimension of Extg(Oc, Oi,(—3)) is at least dimExt^(Oc ® 

Ol, Ol(— 3)) = 2 since we have Oc (8> Oc = Oc. Hence from (fTO we get 


dim ExtQ(OL,Oc) 


2, ifi = l,2, 
0, otherwise. 
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Now we get two exact sequences m and (HI. Apply ExtQ(OL, —)-functor to (fT^ 
to get 

0 ^ Ext^(Oi,OD) ^ Ext^(Oi, J-) ^ Ext^(Oi,Cp) 

-A Ext^(Oi,Oz5) Ext^(OL,.F) ^ Ext^(Oi,Cp) -A 0, 

since HomQ(OL,*F) ~ HomQ((9L,Cp) with dimension 1. We also get the exact 
sequence 

0 ^ ExtaOL,Cp) -A Ext^(Oi,Cp) ^ Homi(ror?(Oi,Oi),Cp) -A 0, 

which gives ExtQ(Oi, Cp) = Honii(A^^|g, Cp). Thus we get dimExtQ(C)i, Cp) = 2. 
Recall that J^\l — © Cp by Remark 15.131 and so from the exact sequence 

O^Exti(J-|i,Oi(-3)) -AExt^(J-,Oi(-3)) ^Homi(ror?(J-,Oi),Oi(-3)) 

we get dimExtQ(J^, Ol(— 3)) = 3 + dim Homi(Tor^(J', O^), Ol(— 3)). Here we 
get 

ror?(J-, Ol) = Tor^{F\L, Ol) = Tor^{OL,OL) = 

since Tor^(Cp, Ol) is zero. Since Homi(iV^|g, Ol{—^)) is trivial and ExtQ(Oi, T) = 
ExtQ(J', C)i,(—3))^, so we get dimExtQ(OL, J”) = 3. Hence we have 


dim ExtQ(OL, 


1, if i = 0, 

4, if i = 1, 

3, if i = 2, 

0, otherwise 


Now apply ExtQ(—, J')-functor to (ITdl) and then we get 

0 ^ Ext^(OL,.A) ^ Ext^(J-,.A) ^ Ext^(Oi, J-) 

^ Ext^(OL, J-) ^ Ext^(J-, J-) ^ Ext^(Oi, J-) ^ 0, 

since dimHomg(0^,7^) = 1 and dimHomg(J^) = 2. Hence dimExtg(J^) is 
at most 8. Note that any curve in Gi is a specialization of curves in G 2 \ Gi and so 
T can be considered as a degeneration of Oli © Ols ^ reducible and reduced 
conic Li U L 2 . By [H Theorem in page 21] in case of A^ = n = 1, the global Ext^- 
function is upper semi-continuous. Since dimExtg(^, 5) = 8 for Q = Oli © Ol 2 , 
so dim Extg (J", J") is at least 8. Hence the dimension is indeed 8. □ 


Remark 5.17. For a sheaf J' = Oc{p) with a smooth conic C and p G C, we have 
Extg(e)c(p),C’c(p)) = ExtQ(C>c(p),C>c(p) ©C’q(- 3))^. Applying the sequence 
dini) to J" = Oc{p) and G = Oc{p) © Og(-3), we get 

0 ^ Ext^(J-,.A(-3)) ^ Ext^(J-,.A© Og(-3)) i7°(iVc|Q(-3)) ^ 0. 

Since h^{Nc\Q{—3)) = 0 and dimExtp(J^, J'(—3)) = 5, we get dimExtg(J”) = 5. 

Corollary 5.18. The moduli M(2, 2) has the two irreducible components fOli and 
9112 such that 

• 91ti.red is parametrized by G 3 = Gr(3, 5), 

• M'®(2, 2) C 911i consisting of stable sheaves, is isomorphic to G3 \ G2, 

• 9112 consists only of strictly semi-stable sheaves [Oli © OL 2 ] lines 

Li, ©2 on Q, 
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• (StJti n 2 n 2 )red is parametrized by G 2 , consisting of the equivalence classes 

[Oli © 0^2] intersecting lines Li,L2 C Q. 

Lemma 5.19. We have 

M(2, 2)^^ ^ M(2, 2)“ ^ M(2,2)°+ 

for all a > 0. 

Proof. As in Proposition 14.51 let (1,.?^) € M“(2, 2) be a strictly a-semistable pair 
and so it has a subpair (s, T') with = t + c such that c + S ■ a = In 

particular we have = Ol'(c — 1) for a line L' C Q. If <5 = 1, then we have 
2c+ a = 2. But since T' has a non-zero section, so we have c > I, a contradiction. 
If (5 = 0, then we have c = But the quotient pair (1, JF") has xjr"(t) = t + I —c. 
Since T" = Ol"{—c) with a line L", so we have c < 0, a contradiction. Thus there 
is no wall-crossing among M“(2, 2)’s. □ 

Proposition 5.20. We have M“(2, 2) = 9li UTt 2 with two irreducible components 
Oil and 9 I 2 of dimension 7 and 6 respectively such that 

• Oil and 0 l 2 are rational, 

• M°“(2,2) is smooth outside Oli n0l2, and 

• (Oil n 0l2)red of dimension 5 and it consists of stable pairs (1,.F) where 
Cj: e (G 2 . 

Proof. Let A := (1,J^) be a stable pair in M°“(2,2) and then IF is semistable as 
an element of M(2,2), since (1,.F) is also in M°+(2,2). In Proposition 15.111 we 
have the list of semistable sheaves and in particular we have h^{F) = 0. Note that 
the tangent space at [A] is isomorphic to ExtQ(A, A) and the obstruction space is 
ExtQ(A, A). By [TH Corollary 1.6], we get the following exact sequence 

0 ^ HomQ(A, A) ^ HomQ(.F, J-) ^ Homc((l), J')/(l)) 

^ Ext^ (A, A) ^ Ext^ {F, F)^0. 

and an isomorphism ExtQ(A, A) = ExtQ(J^, J^). 

Take F = Since H^{F) = H^{L, Of^), so any nonzero section s G H'^{F) 
may be seen as a non-zero map a : Ol —> F. The sheaf u^Ol) is a subsheaf 
of F obviously isomorphic to Ol and the pair {s,<t{Ol)) shows that {s,F) is not 
a-semistable for any a > 0. 

(al) If = Oc{p) for a smooth conic C and p G C, a pair (s, J") for any 
non-zero section s G H^{Oc{p)) is a-stable. In Lemma [5.161 we observed that 
dimExtg(= 6 and so we get dimExtQ(A,A) = 7 by (l20)l . Since the family 
of such pairs is 7-dimensional, so M°°(2,2) is smooth at (1,.7^). 

(a2) Take F = Oli © Ol 2 with two skew lines Li,L 2 C Q. As in (d), any 
section s = (si,S 2 ) G H^{F) with nonzero si and S 2 , defines a-stable pair {s,F) 
for any a > 0. Note that dimHomQ(A,A) = 1 and dim Homg(= 2. Since 
diinExtQ(J^, J^) = 6 by Lemma r5.161 we have dimExtQ(A, A) = 6. Since the family 
of two skew lines on Q is 6-dimensional, so M°°(2, 2) is smooth at (1, F). 

Let Dll be the closure of stable pairs of type (al) and DI 2 be the closure of stable 
pairs of type (a2). By (al) and (a2), we get that Dli and OI 2 are two different 
irreducible components of M°“(2, 2). 

(b) Take F = Oq with C GT> 2 . We have F ^ O®^ as an Og-sheaf, because 
it is not an O^-sheaf. In particular £ is semistable and indecomposable. By ([5]) we 
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have = 2, = 0 and there is a 1-dimensional linear subspace V C H^{T) 

associated to the inclusion Ol —i” Oc in ([5|). For any s S Id \ {0}, the inclusion 
{s,Ol) —s- shows that {s,T) is not a-semistable for any a > 0. Now take 

s G 

Claim: (s,-F) is a-stable. 

Proof of Claim: Assume that (s, !F) is not a-stable and take a proper subpair 
(s',Q) with fj,a{s',G) > fJ,a{s,T). We have Q = OL{a) for some a G Z. Since s' ^ 0, 
we get a > 0. Since ([S]) does not split as an Og-sheaf, we get that the inclusion 
G —is the one induced by (O and hence s' G F, a contradiction. □ 

Now for each a-stable pair A = {s,J-), we have dimHomQ(A,A) = 1 and 
dim Homg (= 2. Thus we get dimExtQ(A, A) = 6. Note that any two 
suitable sections of T define one isomorphism class of stable pairs (1, J*) and so the 
family of such pairs is 5-dimensional, because the dimension of 2?2 is 5. Thus such 
pairs are contained in ‘^2 and ^2 is smooth at (1,-F). 

(c) Let IF = Oli © Ol 2 with D = Li U L 2 a reducible conic and the singular 

point p and then we have = 2. Let s = (si,S 2 ) G © ^^ 2 ) be a 

non-zero section. If si = 0, then the section ( 0 , 52 ) factors through Ol^ and it 
destabilize Similarly we get S 2 7 ^ 0. If both si and S 2 are nonzero, then s 

gives an automorphism of T and so it does not factor through any proper subsheaf. 
In particular, {s,J-) is a-stable for any a > 0. Note that dimHomg(J",.F) = 2 and 
dim Extg (-F, = 8. Since dimHomQ(A,A) = 1, so we have dimExtQ(A,A) = 8 

by ([201). Note that the family of this type of pairs is 5-dimensional and it is contained 
in (Til n 9l2)red due to Lemma [AH 

(d) Let T be the non-trivial extension of Cp by Ob with D € Vi {L) and p G L. 

We get h^{F-) = 2 and there exists a unique section s up to constant, inducing an 
extension o. Eor any section section s' G H^{F) \ (s), we get an exact sequence 
m and it gives a stable pair A := {s',iF). Note that HomQ(J^, = 2 and 
dimExtg(-F, = 8 by Lemma 15.161 Since dimHomg(A,A) = 1, so we have 

dimExtg(A, A) = 8. Note that the family of this type of pairs is 4-dimensional and 
it is contained in (91i fl iTl 2 )red due to Lemma [A6l 

Now Tt 2 is birational to Sym^(P^) and so it is a rational variety of dimension 6. 
Tti is birational to Ii, since its general point Oc{p) with a smooth conic C and p G C 
is determined by the pair {C,p). The incidence variety Ii is a rational variety of 
dimension 7, since Ii is isomorphic to the Grassmannian bundle Gr(2, TP^(—l)|g) 
and rP^(—l)|g is trivial on a nonempty subset of Q- D 


Remark 5.21. The forgetful map p : M°“(2,2) —M(2,2) consists of two mor- 
phisms (fii —!■ DJli for i = 1, 2 that are surjective. 

Recall that we have a morphism ip : Hi — Hilb(2, 1 ) x Q sending [C] G Hi to 
{D,p) with the exact sequence 

O^Cp^Oc^Oo^O, 

where D is the maximal locally GM subscheme of C with pure dimension 1. Letting 
TTi : Ii — > Hilb(2, 1) be the projection to l®*-factor, we obtain the following diagram 
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as a relation between Hilb(2, 2) and M(2, 2). 


(21) Hilb(2,2)DHi 




Ii ^-A DliC-^ M°°(2, 2) 


Hilb(2,1) mi c-^ M(2,2) 


By Proposition [531 each fibre of ip is isomorphic to and fibres of tti over G 3 \ G 2 
are again isomorphic to P^. Thus wi o ip ■. '0“^(li)i.ed —G 3 \ G 2 is a (P^ x P^)- 
fibration. Note that there exists a birational map 77 : Ii Tti defined by {D,p) —>■ 
Od{p) for a smooth conic D and p € D. 
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